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We consider an 50(10) GUT model from F-theory compactified on an elliptically fibered 
Calabi-Yau with a D 5 singularity. To obtain the matter curves and the Yukawa couplings, 
we use a global description to resolve the singularity along the lines of [12]. We identify the 
vector and spinor matter representations and their Yukawa couplings and we explicitly build 
the G-ffuxes in the global model and check the agreement with the semi-local results. As our 
bundle is of type SU(2k), some extra conditions need to be applied to match the fluxes, as 
observed in IT9l. 
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1 Introduction 



In recent years, F-theory phenomenology has been one research avenue providing insights 
into Beyond Standard Model physics. One of the successes of F-theory compactification has 
been the fact that it allows an interpretation for the Yukawa couplings in GUT theories. 
Firstly discussed in terms of heterotic-F theory duality [TJ, the introduction of local F-theory 
models as 8-dimensional field theories [2j[3] allowed some detailed studies of the localisation 
of Yukawa couplings on Calabi-Yau 4-folds, one of them being developed in [IH6] (for other 
methods and a full set of references see [7j). To study the Yukawa couplings, one is tempted 
to follow the procedure involving the matter fields which were described some time ago in [8] . 
When considering the Yukawa couplings in an SU(5) GUT, a nice feature of the F-theory 
description is that the up-type Yukawa couplings appear at enhancements of singularity 
to E 6 singularity in codimension-three, and there is no perturbative type IIB picture for this 
enhancement. The singular fibre is expected to degenerate from A<± in codimension 1 to either 
A 5 or D$ in codimension 2 and to either A e , D e or E e in codimension 3. 

When considering the heterotic - F theory duality [U[5] , the heterotic results were mapped 
into the local F-theory as a choice of a diagonal expectation value for an 8-dimensional Higgs 
field (see also [9])0. The non-zero values for the vevs of the Higgs field describe the deformation 
Eq — > v4 4 after taking a singular limit of A4 and mapping in into the E§ [5]. Nevertheless, 
when applied to the global geometry, this involves applying Tate's algorithm for codimension 
3 loci which is outside its validity. 

A detailed study of the F-theory geometries was started in [10] (see also [11]) for SU(5) 
GUT theories by considering an explicit blow-up of A4 singularities. For a general choice 
of complex structure, the singularity is resolved with four additional P 1 cycles. When some 
complex deformations are turned off, one encounters some lines of singularities and some 
additional P l cycles are needed to obtain a smooth manifold. The intersection of the full set 
of resolution cycles is supposed to reproduce the Dynkin diagram for D^,A^ for matter or 
D 6 , Eq, Aq for Yukawa couplings. When studying the intersections of the full set of cycles, [TO] 
observed that they do not fully reproduce the Dynkin diagrams for the higher singularities, 
the biggest departure being for the expected E 6 singularity which would provide the up-type 
Yukawa couplings. 

The discussion of the local geometry in [10] was reconsidered in [12] by looking at global 
geometries and utilising their previous developed formalism [T3HT5] (see also [T7|[T8] for similar 
approaches and [19J for using the same method in the case of the Eq model). In the global 

: If the Higgs field is not diagonal, one could use T-brancs which are non-abelian bound states of branes 
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formalism, the divisors correspond to zeroes of various sections and the cycles associated to 
the A4 roots appear as intersections between various divisors. At singular loci the number of 
irreducible components increases and some of the roots split due to the weights of 5 or 10 
representations. One important aspect of the global geometries is that the number of roots 
does not increase and the rank of the singularity does not enhance. 

In the current work we consider an 5*0(10) GUT model which corresponds to a D$ sin- 
gularity. SO (10) models were previously considered within the F-theory context in [2"0T[2"2"] 
and we focus on the global construction, by resolving the singularity and studying the points 
in the complex structure where extra blow-ups are needed. In section 2 we construct the 
resolution of a singularity of type D 5 . In section 3.1 we describe the matter in the spinor 
16 representation, in section 3.2. we consider matter in the vector 10 representation and in 
section 3.3 we discuss the Yukawa couplings. In section 4 we compute the local and the global 
fluxes. The matching is obtained in the particular case when the first Chern class of the base 
or the first Chern class of the divisor are even. 



2 Resolution: Generalities 
2.1 Setup 

We consider an S'O(IO) GUT group in F-theory phenomenology which corresponds to com- 
pactifying on a Calabi-Yau 4-fold obtained after 5 resolution steps applied to a -D5 singularity. 
In this section we are going to explicitly describe the procedure to obtain the smooth Calabi- 
Yau 4-fold. 

As in the case of SU(5), we construct the resolution in the auxiliary 5- fold 

X 5 = F(0®K^®K^) . (2.1) 

X 5 is a P 2 bundle, the divisors on X 5 consist of pullbacks of divisors on B 3 under the projection 

tx x : X 5 -)■ B 3 (2.2) 

together with a new divisor, a, inherited from the hyperplane of the P 2 fiber. The projective 
coordinates w, x, and y on the P 2 fiber of X5 are sections of the following bundles on X$ 



Section 


Bundle 


w 


O(a) 


X 


0(cx + 2c 1 ) 


y 


0(a + 3d) 


z 


0(S 2 ) 
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z is the section that vanishes along S^. The Tate form for an 50(10) singularity at z = is 

y 2 w + bizxyw + b 3 z 2 yw 2 = x 3 + b 2 zx 2 w + b^z 3 xw 2 + b G z 5 w 3 . (2.4) 

2.2 Resolution of singularity 

We now embark in the procedure to resolve the D§ singularity, involving five blowups. 

2.2.1 First Two Blowups 

The locus 

x = y = z = (2.5) 
is singular. To blow up along it, we introduce 

x = &x , y = tVi, z = (zi , (2-6) 
where ( = gives rise to an exceptional divisor E±. The new classes of the sections are 



Section 


Bundle 


Xi 


0(a + 2ci - Ei) 


V\ 


0{<j + 3ci - Ei) 


Zl 


0(S 2 - E^ 


c 


O(Ei) 



(2.7) 



After a proper transform, the equation for Y4 becomes 

w (-(zi ((wz 2 (baCw 3 z 2 1 + 64X1) + b 2 x 2 1 ) + CyiZi {b 3 wz l + b lXl )) + wy\ - (xf = (2.8) 
The second blowup is along x\ — yi — C — 0, which is obtained by setting 

xi = x 2 a , yx = y 2 a, ( = ( 2 a . (2.9) 

The section a = gives rise to an exceptional divisor E 2 . The new sections are 



Section 


Bundle 


x 2 




+ 2 Cl -Ei- 


E 2 ) 


V-2 


0(a 


+ 3d -Ei- 


E 2 ) 


(2 




0[E X - E 2 ) 




a 




0(E 2 ) 





(2.10) 



The proper transform of the fourfold defining equation is 

wy2 ((2Z1 (b 3 wz 1 + abix 2 ) + y 2 ) = a( 2 (b e ( 2 w 3 z^ + b£ 2 w 2 x 2 z\ + b 2 wx\zi + axf) 
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(2.1i; 



2.2.2 Third Blowup 

We can then blow up along y 2 = (2 = ot = 0, which we do by setting 



2/2 = 2/3/3 , ( 2 = ( 3 (3, a = a 3 (3. (2.12) 
The section (3 = gives rise to a new exceptional divisor E 3 . So the new sections are 



Section 


Bundle 


2/3 


0(a + 3d -E 1 -E 2 - E 3 ) 


Cs 


0(E 1 -E 2 - E 3 ) 




0(E 2 - E 3 ) 


P 


0(E 3 ) 



The proper transform of the equation for Y4 is 

wy 3 ((3^1 {hwzx + a 3 f3b 1 x 2 ) + y 3 ) = a 3 ( 3 (b 6 /3 2 ( 2 w 3 zl + b 4 (3( 3 w 2 x 2 zl + b 2 wx\z x + a 3 (3xl) 

(2.14) 



2.2.3 Final Two Blowups 

The last two blowups are carried out as in [29]. The fourth blow up is along y 3 = (3 = and 
we do this by setting 

2/3 = 2/4^4, (3 = C4#4- (2.15) 

The proper transform is 

^2/4^4 + biiux^^Zi C4«3 ( 5( s >4 + &3W 2 2/4^iC4^4 = x 2 Ci a 3 P + b 2 wx 2 Zi^a 3 + b i w 2 x 2 zl(' 2 a 3 (354 : 

+ b 6 w 3 zl(la 3 p 2 8l 

(2.16) 

The fifth blow up is along y^ = a 3 = and is given by 

2/4 = 2/5^5, a 3 = a 5 5 5 , (2.17) 

giving a proper transform 

wy 2 5^S 5 + b 1 wx 2 y 5 z 1 (4a 5 f35^S 5 + b 3 w 2 y B zxC,±5A =xl(±al(38 b + b 2 wx\zi(,iOt*> 

+ b 4 w 2 x 2 z 3 Cla 5 /3S<i + 6 6 u; 3 ZiC|a5/3 2 54 

(2.18) 
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The sections 5^ = and 5$ = give rise to new divisors E4 and E 5 respectively. The sections 
are now 



Section 


Bundle 


2/5 


0(a + 3ci -E 1 -E 2 -E 3 -E 4 .- E 5 ) 


C4 


//~\ / 771 771 771 771 \ 

C?(£i -E2-E3- £4) 


a 5 


0(£ 2 - £ 3 - £5) 




C(£ 4 ) 


s 5 




w 


0(<r) 




0(<T + 2Cl - £l - £ 2 ) 




0(^2 " ^l) 




0(3,) 



(2.19) 



The resolved fourfold has class 

[Y A ] = 6ci + 3(7 - 2£i - 2£ 2 - 2£ 3 -E 4 -E 5 . (2.20) 

2.2.4 Constraints 

The blowups give rise to the following projective coordinates 



[w,x,y] 




[zi,yi,zi] 




2/2,(2] 


= [^2,2/5^455,(4/354] 


[2/3, Cs, «3] 


= [2/5^4^5, (4^4, a 5 8 5 ] 


[2/4, C4] 


= [2/5^5,(4] 


[2/5, "5] 





(2.21) 



None of these combinations are allowed to simultaneously vanish. 
2.3 Cartan Divisors 

The section z — 0, where the D$ singularity is located, splits after the blowups as 

z = z^a^S^ = . (2.22) 

Note that the component 64 = is reducible, with one component given by (4 = 0. 

The Cartan divisors are these six factors restricted to the resolved 4-fold I4, and are given 
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by 



Oartan b)ivisor 


Oomnonent 


01 ass in V^i 




(«l = 0)|y 4 


^2 — Ei 




( J 4 = °)ly 4 ,c 4 ^o 


—Ei + E 2 + E% -\- 2E 4 


J - y — et-2 


(C4 = 0)| n 


Ei — E 2 — E 3 — E 4 




(0 = 0)1* 


E3 




(^5 = 0)| y4 


E 5 


V- a5 


(«5 = 0)| n 


(E 2 — E 3 — E 5 ) 



The intersection of the Cartan divisors {2?_ ai , £>_ a2 , T>_ aa , £>_ Q4 , T>^ as , T>- ao } with the 
dual curves are 

/ -2 

-2 

1 1 



\ 

3 Matter and Yukawas 

The discriminant of the SO (10) singularity has an expansion 
A = - 16z 7 b 3 2 bl 

+ (-27b 4 3 - 8blb 2 2 b 2 3 + 726 2 6 4 &3 + 4M 2 (9b 2 3 + Ab 2 h) b 3 + lQb 2 2 (b\ - Ab 2 b 6 )) z 8 + (z 9 ) . 

(3.1) 

From this and the Tate algorithm table, we expect to get an enhancement to D$ at 63 = 0, 
corresponding to matter in the 10 representation, and an enhancement to Eq along b 2 = 0, 
which corresponds to matter in the 16. Where both of these matter curves intersect, i.e. at 
b 2 = b% = 0, we expect an enhancement to E7, and therefore the Yukawa interaction point. 
In summary, we have the following enhancements: 



D 6 : 


h 


= 




Eq : 


h 


= 




E 7 : 




= h 


= 


D 7 : 


h 


= bl 


- Ab 2 b 6 = 



(3.2) 



3.1 16 matter 

We expect to get matter in the 16 of 50(10) along z = b 2 = 0. 



1 













1 













-2 


1 










1 


-2 


1 


1 







1 


-2 










1 





-2 


) 



(2.24) 
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To see the relevant root splitting, we look at one specific component of z — 0, namely 
(3 = 0. We can see that (3 = b 2 = gives 



Vbhiybh + hd) = , (3.3) 

so it reduces to three components: 

[0 • N = D9] • [y 5 ] + D9] • (N - [&]) + [fl ■ (N - tal - N + [CJ) (3-4) 

The second component is specifically [/?] ■ ([£4] — [£4]) since the first Cartan divisor restricted 
to 6 2 gives /3 = 0. So z = splits into 7 components along 6 2 = 0, these are 



Component of [z = 62 = 0)|y 


Equations U1I4 


Cartan charges 


{S 2 - E{) • (2 Cl - 5 2 ) 


zi = 
b 2 = 


(0,0,0,1,0) 


(-£?! + £ 2 + £3 + 2£ 4 ) • (2d - 5 2 ) 


J 4 = 0| ?4 _, 

62 = 


(-2,1,0,0,0) 


_ e 2 - E 3 - E 4 ) ■ (2d - 5-2) 


C 4 = o 
6 2 = 


(1,-2,1,0,0) 


(E 3 ) ■ (a + 3d -E 1 -E 2 -E 3 -E A - E B ) 


(3 = 

1/5 = 


(1,0,-1,1,0) 


(E 3 ) ■ {-a -C1-S2 + 2Ex -E 4 + E s ) 


= 


(1,0,-1,0,1) 


(E 5 ) ■ (2d - S 2 ) 


5 5 = 

6 2 = 


(0,0,1,-2,0) 


(E 2 -E 3 - E 5 ) ■ (2d - S 2 ) 


«5 = 
62 = 


(0,0,1,0,-2) 



The splitting of the weight associated to the third root is 



- « 3 = (0, 1, -2, 1, 1) -> (-2, 1, 0, 0, 0) + (1, 0, -1, 1, 0) + (1, 0, -1, 0, 1) , (3.6) 

with the latter two components corresponding to — (fiie — ot\ — u 2 — a 3 — 0:4 — a 5 ) and 
1^16 — ol 2 — 2a 3 — ct 4 — a 5 , which confirms the matter in the 16 representation. 

3.2 10 Matter 

We expect to get matter in the 10 along z = b 3 = 0. 

To see the relevant root splitting for the matter in the vector representation, we look at 
another specific component of z = 0, namely £5 = 0. We can see that the Cartan divisor 
£ 5 = splits here to 

a 5 (b 2 x 2 2 + hx 2 (3 + b e (3 2 ) (3.7) 



8 



where we have set equal to 1 any variables which cannot vanish simultaneously with 65. 
So this has split into three components, the first is just another Cartan divisor restricted to 
b 3 = 0. The expression in brackets is factorised if we assume b 2 7^ 0. We do this as 62 = ^3 = 
corresponds to a Yukawa coupling which we consider in the next section. We call the 2 factors 
7 + and 7_ and they have the same homology class. Overall, £5 = reduces as 

[«-W = [«-[ad + 2xMJMzM (3.8) 

So we see that z = b 3 = splits into 7 components, as one would expect from a " Dq" 
enhancement. The seven components are 



Component of (z = 63 = 0)| y 


Equations in I4 


Cartan charges 


(S 2 - Ex) ■ (3d - 2S 2 ) 


d = 
b 2 = 


(0,0,0,1,0) 


(-E 1 + E 2 + E 3 + 2E 4 ) ■ (3d - 2S 2 ) 


^4 = o| C47 , 
62 = 


(-2,1,0,0,0) 


(£ x _ e 2 - E 3 - E 4 ) ■ (3d - 2S 2 ) 


C 4 = o 
62 = 


(1,-2,1,0,0) 


(E 3 ) ■ (3d - 2S 2 ) 


(3 = 
b 3 = 


(0,1,-2,1,1) 


i (E 5 ) ■ (3d - 2S 2 -E 2 + E 3 + E 5 ) 


5 5 = 
7+ = 


(0,0,0,-1,1) 


i (E 5 ) ■ (3d - 2S 2 -E 2 + E 3 + E s ) 


5 5 = o 

7_ = 


(0,0,0,-1,1) 


(E 2 -E 3 - E 5 ) ■ (3d - 2S 2 ) 


a 5 = 
b 2 = 


(0,0,1,0,-2) 



The £5 = root splits as 

(0, 0, 1, -2, 0) (0, 0, 1, 0, -2) + (0, 0, 0, -1, 1) + (0, 0, 0, -1, 1) . (3.10) 
The first component is a Cartan divisor, but the other two are both given by 

yUio — "i — ol 2 — a 3 — a 4 , (3-11) 
So indeed this corresponds to matter in the 10. 

3.3 Yukawa Coupling 

We expect to get a Yukawa interaction at the point which corresponds to an " E7" enhancement 
which is given by b 2 = b 3 = 0. We could think of this as a further enhancement of the "£V' 
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curve, therefore instead of looking at how the six components of z = split, we study how 
the seven components of z = b 2 = split. 

Firstly we can see from above that the third component of /3 = b 2 = will split further to 

y s 5 5 = 0. (3.12) 

Also, we have S 5 = b 2 = b 3 = gives 

a 5 p(b 4 x 2 + 6e/3) = (3.13) 

We already had the first two components, but the last is new. So altogether we see that 
z = b 2 = b 3 = has 7 components, given by 



Component of (z = b 2 = b 3 = 0)|y 


Equations in>4 


Cartan charges 


(5-2 - E x ) • (2 Cl - S 2 ) ■ (3 Cl - 2S 2 ) 


z x = 
b 2 = 
&3 =0 


(0,0,0,1,0) 


(-Ex + E 2 + E 3 + 2E A ) ■ (2d - S 2 ) ■ (3d - 2S 2 ) 


^4 = 0| C4 _, 
&2 = 

h = o 


(-2,1,0,0,0) 


_ £ 2 _ e 3 - E,) ■ (2d - S 2 ) ■ (3d - 2S 2 ) 


C 4 = o 

6 2 = o 

6 3 = o 


(1,-2,1,0,0) 


(£ 3 ) ■ (a + 3d -E 1 -E 2 -E 3 -E i - E 5 ) ■ 
(3d - 25 2 ) 


/3 = 

y 5 = o 

&3 =0 


(1,0,-1,1,0) 


(£ 3 ) • {-<r -C!-S 2 + 2Ex -E A + E 5 ) ■ 
(3d - 2S 2 ) 


/3 = 
b 2 = 0\ y5 ^ 

s 5 = o 


(0,0,0,-1,1) 


(E 5 ) ■ (2d - SO • (3d - 2S 2 ) 


b 2 = 


(0,0,0,-1,1) 


(E 2 -E 3 - E 5 ) ■ (2d - S 2 ) 


a 5 = 

62 = 


(0,0,1,0,-2) 



(3.14) 

We can see that this corresponds to the Yukawa coupling 16 x 16 x 10 by approaching 



this point along the 16 matter curve,where we can see the splitting: 



(1,0,-1,0,1) -> 
(/ii 6 - a 2 - 2a 3 - a A - a 5 ) -> 



(1,0,-1,1,0) + (0,0,0,-1,1) 
— (/ii 6 — ax — a 2 — a 3 — a 4 — a 5 ) 
+ (uxo — ax — a 2 — a 3 — a 4) 



(3.15) 
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This gives the desired Yukawa coupling. It is interesting to note here that our "£7" 
enhancement has only 7 components instead of the expected 8, this is similar to what was 
shown to happen with E 6 in [TU] (see also where one node was missing. 

3.4 D7 enhancement 

We expect to get a "D7" enhancement at 63 = b\ — 4& 2 &6 = 0. Starting from the "D6" 
enhancement, i.e. with 63 = 0, the effect of setting b\ — 4b 2 b§ = is to make 7+ = 7_ = 7, 
so these two previously separate components are now the same. So despite it being a "D7" 
enhancement, we actually only get six components instead of the expected eight. These are: 



Component of (z = 63 = 64 — 46 2 &6 — 0) y 4 


Equations inY^ 


Cartan charges 


(S 2 - Ei) ■ (3ci - 2S 2 ) ■ (8ci - QS 2 ) 


Zx — 
b 2 = 
bl - Ab 2 b Q = 


(0,0,0,1,0) 


{-Ex + E 2 + E 3 + 2E 4 ) ■ (3ci - 2S 2 ) ■ (8ci - 6S 2 ) 


^4 = 0| C4 _, 
& 2 = 
61 - Ab 2 b 6 = 


(-2,1,0,0,0) 


{Ex -E 2 -E 3 - E A ) ■ (3 Cl - 2S 2 ) ■ (8 Cl - 6S 2 ) 


C 4 = o 

& 2 = 
bl - 4b 2 b 6 = 


(1,-2,1,0,0) 


(E 3 ) ■ (3 Cl - 2S 2 ) ■ (8 Cl - 6S 2 ) 


= 

&3 = 

61 - 46 2 6 6 = 


(0,1,-2,1,1) 


| (E 5 ) • (3d - 2S 2 - £ 2 + £3 + E&) ■ (8d - 6S2) 


5 5 = 
7 = 
61 - 46 2 6 6 = 


(0,0,0,-1,1) 


(E 2 -E 3 - E 5 ) ■ (3 Cl - 2S 2 ) ■ (8d - 6S 2 ) 


a 5 = 

62 = 

bl - 4b 2 b 6 = 


(0,0,1,0,-2) 



(3.16) 

Here, at the point of enhancement, we see that the two previously separate 10 matter curves 



become one, we believe that this corresponds to a 10 x 10 x 1 coupling, we do not see a curve 
for the singlet as it is not part of the GUT divisor. 

4 G-Flux 

The existence of the (2,2) form G-flux is a requirement of the heterotic - F-theory duality. 
For local geometries, the G-flux can be constructed from Heterotic string data in terms of 
spectral covers [5l|25]. For global geometries, [15l[T6] proposed a global approach to G- fluxes 
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which was successfully applied to the case of A A singularities in [12] q 

In our work, we are firstly computing the local flux and then the global one. 

4.1 Local G-Flux 

4.1.1 Tate divisor in F 4 

Our original 4-fold Y4 is given by 

y 2 w + bizxyw + b 3 z 2 yw 2 = x 3 + b 2 zx 2 w + b±z 3 xw 2 + bsz 5 w 3 , (4.1) 

and we are interested in the Tate divisor 

wz (b 2 x 2 + biZ 2 xw + b 6 z 4 w 2 — b^xy — b 3 zyvo) . (4.2) 

Along the Tate divisor we have wy 2 = x 3 . By assuming w 7^ 0, we can then rewrite the Tate 
divisor in terms of the t = y/x as 

z (b 2 t A + b 4 z 2 t 2 + 6 6 2 4 - M 5 - hzt 3 ) (4.3) 

By setting s = z/t and holding s fixed in the limit t — > 0, z — > 0, we obtain 

st 5 (b 2 + hs 2 + b 6 s 4 - b 3 s) (4.4) 

4.1.2 Tate divisor in resolved y 4 

Now we look at the resolved Calabi-Yau Y4, setting 

x = x^al^d^ 2 

y = yrX^i^SlSl 

z = z^^^S^ . 

This makes 

t= y = 

X x 2 
z _ Zix 2 ( 4 a 5 l3 

t y 5 

The limit t — > with s held fixed can be achieved by taking the 
Now we take the total transform of the Tate divisor, 

wy 2 — x 3 = 

2 For other recent approaches to G-flux see 



(4.5) 



(4.6) 



limit <5 4 — t- or 5 5 — > 0. 



(4.7) 
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which gives 

CA^^t {wy% - x&i<4p) = (4.8) 

The term 

wylh ~ 4<U<4P = (4.9) 

is the proper transform of the Tate divisor, which we then restrict to the resolved I4. 

With this restriction, the proper transform of the Tate divisor is reducible, with compo- 
nents given by £4 = 0, Z\ = 0, and the remainder. 

To see this, set (4 = 0. By using (1A.4I) . we see that we cannot have w — 0, 1/5 = 0, «5 = 
or 5 5 = 0, so we set these equal to one. The Tate divisor equation is now 

5 4 = 0, (4.10) 

and the equation for the resolved Y4 also becomes 

<5 4 = 0. (4.11) 

Which means that the Tate divisor equation is automatically satisfied. 

For the component Z\ = 0, we cannot have 05, or 5 5 equal to zero, so again we set these 
equal to one. The Tate divisor equation takes the form 

wy%84-4<U = 0, (4.12) 

and the equation for F 4 

wyl5 4 = x 3 2 ( 4 . (4.13) 

This again means that the Tate divisor equation is satisfied automatically in I4. So we define 
the Tate divisor by 

C Ta tc = [wy 2 5 8, - x\Ualf3} ■ [f 4 ] - [U = 0] • [Y 4 ] - [ Zl = 0] • [Y A ] (4.14) 
Which is in the class 

3a + 6c x -S 2 - 2Ex - E 2 - E 3 - 2E 5 . (4.15) 
Its intersection with the Cartan divisors takes the form: 

C T atey 4 S Qi = (0,0,0,1,0) X 4. (4.16) 
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4.1.3 Local limit 

As discussed before, the local limit may be either £4 — > or £5 — > 0. However, if we set 
#4 equal to zero in the Tate divisor equation, and take X2 = 05 = 1 as they cannot vanish 
together with 5 4 , then we obtain 

C4/5 = 0, . (4.17) 

But since £4 = is one of the reducible components we remove from the Tate divisor, this 
leaves (3 = 0, which means that s = z/t becomes zero, instead of being held fixed. So the 
local limit here must be given by £5 — > 0, so we intersect with E 5 : 

C T atc y 4 E 5 = [wyl - a^Cs] Y 4 ^5 - [Cs = 0] - % E 5 - [ Zl = 0] - % E b 

(4.18) 

= [wyj - x 3 2 al(3( 3 ] -y 4 E 5 

where the last terms vanish because we cannot have 65 = z\ = or £5 = £4 = 0. Setting 
#5 = 0, and w = z\ = £4 = 1, the equation for the Tate divisor becomes 

yl = x\alp. (4.19) 

Notice that if a$ = 0, then 2/5 = 0, but these two conditions are not allowed to hold simulta- 
neously, so we set 05 = 1. This implies that the equation for Y4 becomes 

hV5 = b 2 xlUa + hx 2 /3 + b 6 (3 2 , . (4.20) 

If we now set x 2 = 0, the Tate divisor equation gives 2/5 = and so the equation for Y4 
becomes 

= b 6 (3 2 . (4.21) 

For generic this sets (3 = 0. Under the identification 5 5 = 0, (4 = 64 = 1, the coordinates 
of the P 2 from the second blow up become 

[x 2 ,0,/3] (4.22) 

£2 = would imply f3 = so x<i = is not allowed and we can set xi — 1. The Tate divisor 
equation is 

Vl = (4-23) 
which, after substituting it into Y4, gives the required spectral equation 

hvt + Kyi - hy 5 + b 2 = (4.24) 
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4.1.4 Local flux 

To construct the local flux, as in [12], we firstly construct the surface S p *d by 

S P * D = C Tat e • D — (3a + 6ci) ■ D (4.25) 

which only intersects the Cartan root T>_ ai , and we have made a subtraction to get the 
required orthogonality properties. 

We now consider the intersections between the matter surfaces of the 16 (which we can 
either take as = y$ = or (3 = 5$ = 0) and Cmggs,ioc = ^Tate ■% E 3 , along the curve 

y 5 = b 2 = (4.26) 

So for S a .c we take the surface of the 16 which implies yA = b 2 = i.e. = y$ = 0. In order 
for this to intersect Cartan divisors other than T>_ aA , we must make subtractions from it to 
obtain the desired intersection properties. We end up with 

Sa-e = [/?] ■% [y,] - N -y 4 {V- a2 + 2T>_ a3 + T?_« 4 + P_ Q5 ) 

= E 3 - ?4 (<x + 3d -E 1 -E 2 -E 3 -E 4 - E 5 ) - (2 Ci - S 2 ) - % (E 1 - E 4 ) 

Using these two surfaces, we can construct a local G-flux with a traceless combination 

Clocal = 4<!Vc — 5 p *(2c 1 -S , 2 ) 

= cl -y 4 {-4E 1 + 2E 2 + UE 3 + 8£ 4 + 4£ 5 ) + S 2 - % {2E X - E 2 - E 3 - 4E 4 - 2E b ) 
- AE 3 - Y4 (E 1 + E 2 + E 3 + E 4 + E 5 ) . 

(4.28) 

This can be further simplified by using the relations in the appendix to 

Giocai =ci y 4 {4E X - 6E 2 + 6E 3 - 8£ 4 + 4£ 5 ) + S 2 - Y4 {-2E 1 + 3E 2 - 5E 3 + 4£ 4 - 2E 5 ) 
+ 4E 3 - Y4 E,-AE 3 -y 4 E 5 . 

(4.29) 

The ramification divisor can be computed using 

r = Cffiggs.loc ' (^Higgs,loc — O" — Coo) (4.30) 

whose odd part is given by 

Si odd ^ = Cl -E 2 + Cl -E 3 . (4.31) 
We have the quantization condition that 

«G loca i + ^ odd) (4.32) 
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be integrally quantized, for some choice of a G C. Looking at Gi OC ai and si° dd \ [19] has argued 
that that this can not be done generically. We can satisfy this requirement by imposing extra 
conditions on B 3 and S 2 . Now if we look at the last two terms of G, we see that they do not 
depend on B 3 or S 2 , and so to satisfy the quantization condition we require a G f . Since 
our condition only concerns the non-integer part, we then have four cases to consider: a G Z, 
a G Z + ±, a G Z + ± and a G Z + § . 

Firstly, for a G Z, we simply require that the odd part of the ramification divisor vanishes, 
which can be done by choosing the base such that Ci(B 3 ) is even. 

For a G Z+ |, we require d(S2) even, for later use we note that this means that the odd 
parts of Ci(B 3 ) and S 2 now match. 

The last two possibilities, a G Z ± | both give the same condition, which is that the class 
5*2 be a multiple of 4. 

4.2 General G-Flux 

In order to compute the global G-flux, we first need to compute the 2nd Chern class, since 
the G-flux is quantized according to 

G + ^c 2 (Y 4 )eH\Y 4 ,Z). (4.33) 

We compute the second Chern class using the formula from [28] : 

1 + E 1 )(1 + <t + 2 Cl -E 1 )(l + a+ 3d - Ex)(l + S 2 - E x ) 



c(X 5 ) =c(X, 



x 



X 



(l + <7 + 2c 1 )(l + <j + 3c 1 )(l + S 2 ) 
[l + E 2 ){1 + a + 2ci -E 1 -E 2 )(l + ar + 3ci - E x - E 2 ){1 + E x - E 2 ) 

(1 + a + 2c x - E x ){\ + a + 3c x - ^)(1 + ^) 
1 + E 3 )(l + a + 3c 1 -E 1 -E 2 - E 3 )(l + E l -E 2 - E 3 )(l + E 2 - E 3 ) 

(l + a + 3d-Ei- E 2 )(l + E X - E 2 )(l + E 2 ) 
;i + E 4 )(l + o- + 3ci -E 1 -E 2 -E 3 - E 4 ){1 + E l -E 2 -E 3 - E 4 ) 

(1 + o- + 3ci - Ex - E 2 - E 3 )(l + E 1 -E 2 - E 3 ) 
1 + E 5 )(l + a + 3c l -E 1 -E 2 -E 3 -E 4 - E 5 )(l + E 2 - E 3 - E 5 ) 



(1 + a + 3d - E x - E 2 - E 3 - E 4 )(l + E 2 -E 3 
We can then restrict this to Y 4 by 



(4.34) 



C (Y) = c ( Xs ) ( 4 35^ 

1 41 1 + 3a + 6d - 2Ei - 2E 2 - 2E 3 - E 4 - E 5 ' 1 ' ; 



After expanding this out, the odd part of c 2 (Y 4 ) is given by 

c { ° dd \Y 4 ) = d • {E x + E 2 + E 3 + E 4 + E 5 ) +S 2 -E 1 + E 1 -E 2 
+ Ei ■ E 5 + E 2 ■ E 3 + E 4 ■ E 4 + E 5 ■ E 5 . 



(4.36) 
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Simplifying using the relations in the appendix gives 

c { 2 ° dd) (Y 4 ) = c l -E 2 + c 1 -E 3 . (4.37) 

As well as the quantization condition, we also require that the G-flux be orthogonal to 
horizontal and vertical surfaces in Y4. Also, to preserve the SO (10) symmetry we require 
that the intersection between G and the Cartan divisors vanish. As in [12], this restricts G 
to be a linear combination of cl - Y Ei, S2 - Yi E$ and Ei - Y Ej. Using the relations between 
exceptional divisors in the appendix, we can eliminate all combinations of Ei -y Ej except for 
two of them, which we choose to be E 3 - Y E± and E 3 - Y E 5 . So overall G is then given by 

1 5 

G = -ci- (E 2 + E 3 ) + ^(a lCl • Ei + kS 2 ■ EJ + pE 3 ■ E A + qE 3 ■ E h (4.38) 

Here a^, 6j, p and q are integers, and the first two terms are present to enforce the quan- 
tization condition. 

However, using this expression for G and requiring it to vanish when intersected with the 
Cartan divisors does not give integer answers for all of a^, bi, p and q. This was of course to be 
expected, since in the previous section we saw that G cannot be quantized without imposing 
extra conditions. We now solve for the G-flux for two of these conditions. 

1) For Ci(B 3 ) even, the odd part of c 2 vanishes and our general form for G is 

5 

G = ^(a iCl ■ E t + biS 2 ■ Ei) + pE 3 ■ E A + qE 3 ■ E 5 (4.39) 

i=l 

. The requirement that this vanish when intersected with the Cartan divisors gives the one 
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parameter solution 



a l 


= An 


a 2 


= — 6n 


«3 


= 6n 


<<i 


= -8n 




= An 


h 


= -2n 




= 3n 


h 


= —5n 




= An 


h 


= -In 


P 


= An 


<1 


= -An, 



(4.40) 



where n is an integer. So the flux is 

G =n (ci • (AE 1 - QE 2 + QE 3 - 8E 4 + AE 5 ) + S 2 ■ {-2E X + 3E 2 - 5E 3 + AE A - 2E 5 ) 
+AE 3 ■ E A - AE 3 ■ E 5 ) 

(4.41) 

2) For ci(S 2 ) to be even, the odd part of c 2 can now be written as S 2 ■ E 2 + S 2 ■ E%, and 
so we take G to be 

1 5 

G = -S 2 ■ (E 2 + Es) + ^(a iCl ■ Ei + hS 2 ■ E t ) + P E 3 ■ E 4 + qE 3 ■ E 5 . (4.42) 

i=l 

As before, we impose that G does not intersect any of the Cartan divisors, and obtain the 
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one parameter solution 



(>1 


= 2 


+ An 


a 2 


= — 


3 — 6n 


o 3 


= 3 


+ 6n 


a i 


= - 


A-8n 




= 2 


+ An 


h 


— - 


1 - 2n 


h 


= 1 


+ 3n 


h 




3 — 5ra 




= 2 


+ An 


h 




1 - 2n 


V 


= 2 


+ 4n 


q 




2-4n, 



(4.43) 



again with n integral. This gives 

G = ( n + I ) ( c i • ( 4jE i - 6 ^ + 6^3 - 8£ 4 + 4E 5 ) + S 2 {-2Ex + 3£ - 2 - 5E 3 + AE 4 - 2E 5 ) 



2, 

+AE 3 ■ E A - AE 3 ■ E 5 ) 

(AAA) 

3) When the class of S 2 a multiple of 4, one also gets the same answer as in the local case. So 
altogether we see that with each of the three possible conditions, the global and local fluxes 
match. 

We can now intersect the flux with the matter surfaces, we take our matter surfaces as 

S 16 = E 3 ■ (a + 3d - E x - E - 2 - E 3 - E 4 - E B ) 

1 (4.45) 
Sio = 7^5 • (3ci - 2S 2 -E 2 + E s + E 5 ) . 



We then obtain 



2 

G -y 4 S 10 = a(6ci - 5^2) -s 2 (2ci - S 2 ) 

G "y 4 S\Q = . 



(4.46) 



Both of these are in agreement with [20], the zero chirality of the 10 is of course a problem, 
and is resolved there by taking a factorised spectral cover. We assume that this would also 
work here, but leave the computations for future work. 
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A Intersection Relations 
A.l Intersection Relations in X 5 

Here we list relations that hold in X5 coming from the constraints we get at each blowup 
concerning the non-vanishing of sets of homogeneous coordinates. 

= a (a + 2ci) (a + 3d) 











a + 2ci - E x ) (a + 3d - Ex) (S 2 - Ex) 
a + 2ci -Ex- E 2 ) (a + 3d -Ex- E 2 ) {Ex - E 2 ) 
a + 3cx-Ex-E 2 - E 3 ) (Ex - E 2 - E 3 ) (E 2 - E 3 ) 
a + 3d - Ex - E 2 - E 3 - E 4 ) (Ex - E 2 - E 3 - E A ) 
a + 3cx-Ex-E 2 -E 3 -E 4 - E 5 ) (E 2 - E 3 - E 5 ) 



(A.l) 



As all blowups are done in the w — 1 patch, we have that 

= a ■ Ei (A.2) 
since the class a given by w = cannot then intersect any of the exceptional divisors. 

A.2 Intersection Relations in Y4 

Consider the sets of coordinates associated to each blow up and see which ones cannot simul- 
taneously vanish: 



[w, x, y] 


= [w,x 2 ( 4 al(3 3 5 4 5l,y 5 ( 4 al(3 4 5l5l 


[si,2/i,*i] 


= [x 2 a 5 /36 5 , y 5 a 5 (3 2 S i 5^, z t ] 


[x 2 ,y 2 ,(2] 


= [x 2 , ysPSiSs, (4/384] 


[2/3, Cs, a 3 ] 




[2/4, (4 




[V5, a 5 ] 





(A.3) 
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With these relations and the equation for Y" 4 , we see that we cannot have solutions to any 
of the following equations: 



$2 — 


U 


— n 

— u 


X2 = 


a 
P 


= U 


%2 = 


64 


= U 


V5 = 


Zl 


= u 


V5 = 


C4 


= U 


Vh = 




= U 


Z\ = 




= U 


Zl = 




= 


Z\ = 




= 


C4 = 


n.5 


= 


C4 = 


5 5 


= 


a 5 = 


64 


= 


6,= 




= 



These imply 





if 


f 2ci 


-Ei 


— E 2 ) -y 4 (Ei — E 2 — E 3 — E4) 


= 










(a + 2ci - 


- Ei - E 2 ) - Ya (E 3 ) 


= 










(a + 2ci - 


- Ei - E 2 ) -y 4 (Ei) 


= 




+ 3ci 


-Ei 


-E 2 


— E 3 — E A - 


- E 5 ) ■% (S 2 - Ei) 


= 


a + 3ci — Ei 


-E 2 


-E 3 


-E 4 


~ E5) (Ei — E 2 — E 3 — E 4 ) 


= 


(a + 3ci 


-E x 


-E 2 


-E 3 


— E 4 — E 5 ) ■ 


Y 4 ( E 2 - E 3 - E 5 ) 


= 










(S 2 - Ei) ■ 


y 4 (E2 — E 3 — E 5 ) 


= 












(S 2 - Ei) - % (E 3 ) 


= 












(S 2 - Ei) - Y4 (E 5 ) 


= 






(Ei 


-E 2 


-E 3 - E 4 ) ■ 


y 4 (E2 — E 3 — E 5 ) 


= 










(Ei - E 2 - 


■ E 3 - E 4 ) -y 4 (E 5 ) 


= 










(E 2 - 


- E 3 - E 5 ) -y 4 (E 4 ) 


= 












(E4) - Y4 (E 5 ) 


= 



There are two more relations we can get by considering the surface zi = in Y 4 . Since 
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z\ — means that we cannot have y$ 015, /3 or £5 vanishing, we set these equal to 1, this leaves 

11164 = X2C4 • (A.6) 
By setting (4 = implies £4 = 0, and vice versa, so these are equivalent, giving 

(S 2 - Ex) - ?4 {E x -E 2 -E 3 - E 4 ) = (S 2 - E{) - % (E 4 ) , (A.7) 

or 

(5-2 - Ex) -y 4 (Ex -E 2 -E 3 - 2E 4 ) = . (A.8) 

Also we see that setting w = implies x 2 = and vice versa, so these are also equivalent, 
which gives the relation 

(S 2 - Ex) - Y4 (2cx -Ex-E 2 ) = 0. (A.9) 
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B SO (10) weights and roots 



Cartan charges of 10 


Root 


(1,0,0,0,0) 


/^lO 


(-1,1,0,0,0) 


/iio - «i 


(0,-1,1,0,0) 


/iio - olx - ot 2 


(0,0,-1,1,1) 


/iio - «i - a 2 - a 3 


(0,0,0,-1,1) 


/J.IQ — OL\ — Oi 2 — «3 — Ct4 


(0,0,0,1,-1) 


/iio - ol\ - a 2 - a 3 - a 5 


(0,0,1,-1,-1) 


/ilO — «i — «2 — «3 — «4 — «5 


(0,1,-1,0,0) 


HlQ — Oi\ — Oi 2 — 2«3 — «4 — «5 


(1,-1,0,0,0) 


/iio — cci — 2a 2 — 2«3 — «4 — «5 


(-1,0,0,0,0) 


/iio — 2«i — 2a 2 — 2«3 — «4 — «5 


L-artan charges or Id 


Root 


(0,0,0,0,1) 


^16 


(0,0,1,0,-1) 


file - a 5 


(0,1,-1,1,0) 




(1,-1,0,1,0) 


/ii 6 - a 2 - a 3 - a 5 


(0,1,0,-1,0) 


/ii 6 - a 3 - a 4 - a 5 


(-1,0,0,1,0) 


/il6 — Oil — ^2 — ^3 — a 4 


(1,-1,1,-1,0) 


/^16 — « 2 — «3 — «4 — "5 


(-1,0,1,-1,0) 


/il6 — Q!i — «2 — a 3 — a 4 — a 5 


(1,0,-1,0,1) 


A*i6 — «2 — 2a 3 — a 4 — a 5 


(-1,1,-1,0,1) 


/il6 — «i — «2 — 2«3 — «4 — OJ5 


(1,0,0,0,-1) 


A*16 — Ot 2 — 2«3 — «4 — 2«5 


(0,-1,0,0,1) 


/il6 — Oil — 2a 2 — 2«3 — «4 — OJ5 


(-1,1,0,0,-1) 


/^16 — «1 — «2 — 2«3 — «4 — 2«5 


(0,-1,1,0,-1) 


A*16 — «1 — 2« 2 — 2«3 — «4 — 2«5 


(0,0,-1,1,0) 


/ii6 — Oil — 2a 2 — 3«3 — «4 — 2«5 


(0,0,0,-1,0) 


A*16 — Oil — 2a 2 — 3«3 — 2«4 — 2«5 



(B.l) 
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